ABSTRACT In this paper, the stabilization is investigated about fuzzy stochastic singular systems by the use of sliding-mode control (SMC). The advantage of this paper is that local input matrices of fuzzy systems could be different, and the SMC law provided in this paper still has strong robustness to resist external disturbance. In order to deal with the problem of different input matrices, a novel sliding-mode surface is proposed which consists of some sub-surfaces, but not all the considered systems can reach the slidingmode surface. Hence, a lemma is given to judge what kind of systems can be stabilized. In order to deal with stochastic problem, by the use of an improved technique different from the traditional Lyapunov method, a novel SMC law is designed to make the system reach the designed sliding-mode surface and keep on it thereafter. The other advantage is that the matrices E i describing sub-singular systems could be different. In this paper, by the use of a lemma, different matrices E i could be changed into an identical one. Finally, two examples are provided to verify the validity of the method proposed in this paper.
I. INTRODUCTION
Recently, some literature has been published about stability [1] - [3] and control [4] - [6] . And a lot of approaches have been proposed such as sliding mode control (SMC) [7] - [9] , neural networks control [10] , [11] , and fuzzy control [12] , [13] . About fuzzy control, Takagi-Sugeno (T-S) fuzzy systems have been applied in various fields. By use of a set of fuzzy IF-THEN rules which represent the local linear systems, T-S fuzzy systems can describe smooth nonlinear models accurately in any convex compact region. In [14] , interval type-2 T-S fuzzy model was employed to represent uncertain nonlinear systems. Over the past years, by use of SMC, much effort has been devoted to study the stability of T-S fuzzy systems. But, in these literature, there is a common assumption that the input matrices of all local linear systems must be uniform. Though [15] proposed dynamic integral sliding mode control (DISMC) to deal with the T-S fuzzy systems with different input matrices, the authors didn't consider the external disturbance at the same time.
In recent years, SMC strategy [16] , [17] plays an important role. It has been widely utilized in industry [18] , electric [19] , [20] and so on. SMC has a lot of merits, for example, good transient performance, fast response, robustness to plant parameter variations and external disturbances, and so on [21] , [22] . Through constructing an appropriate sliding mode surface and designing a new sliding mode controller, some difficult questions have been well settled. By use of a novel nonlinear sliding mode surface, Hou and Zhang [23] studied the SMC problem for a class of nonlinear singular systems. In [24] , in order to deal with the trajectories moving among several sliding mode surfaces for Markovian jump systems, a novel stochastic sliding mode surface was proposed. In [25] , fault-tolerant control was studied based on nonsingular sliding mode control. Wu and Zheng [26] focused on the SMC problem for the passivity of a class of uncertain nonlinear singular time-delay systems. But, it should be noticed that when the fuzzy systems with local input matrices different are affected by external disturbance, few literature can be found.
Singular systems have become an important field of research in control theory [27] - [29] . It is an accurate description of a real model. Unlike nonsingular systems, the stability of singular systems is more complicated. Only when the system is regularity and impulse-free [30] , the considered one may be stabilized. So, much effort has been devoted to singular systems. In [31] , dissipativity analysis and synthesis of a class of T-S fuzzy descriptor systems was considered with different derivative matrices. Stochastic models have played an important role in the field of automatic control. It can represent the real model more accurately. In [32] , the stability of singular stochastic Markovian jump systems with uncertainties was considered.
In this paper, by use of SMC, the stability for fuzzy stochastic singular systems with different local input matrices is considered. Firstly, a novel sliding mode surface is proposed. It is called vector integral sliding mode surface (VISMS). The process of constructing the sliding mode surface could be referred below: 1) From the column vectors of all local input matrices, choose a maximally linear independent set which can represent all local input matrices. 2) Design several sub-sliding mode surfaces according to every column vector of the maximally linear independent set. 3) Eliminate the effect among these sub-surfaces by introducing some auxiliary matrices. 4) All of the sub-sliding mode surfaces constitute the sliding mode surface. In Section III, we will provide the detailed process. Secondly, a lemma is provided to judge whether the considered system can reach the sliding mode surface or not. Thirdly, a novel controller is designed to ensure the states of the considered systems reach the sliding mode surface and keep on it. And the stability conditions of the sliding mode dynamics equation are derived in LMIs. Therefore, the method's contributions in this paper are summarized as below: 1) In order to deal with the system with different local input matrices, a new sliding mode surface called VISMS is constructed by use of the maximally linear independent set from the column vectors of local input matrices. 2) A novel control law is proposed to deal with the problem caused by the new sliding mode surface and stochastic singular systems. The characteristic of the new method is that the sub-sliding mode surface is not a straight line but a curve.
3) By use of VISMS, the new control law still has strong robustness. 4) Because not all the fuzzy systems with different input matrices can reach the sliding mode surface, a lemma is given to judge what kind of systems can be stabilized. This paper is organized as follows. In Section II, the preliminaries and some lemmas which are used in the following part are provided. In Section III, a new sliding mode surface is introduced. Based on this sliding mode surface, the stabilization of the considered system with different input matrices is fulfilled. And a lemma is provided to judge if the system can reach the sliding mode surface or not. A novel sliding mode controller is designed to reach and keep on the sliding mode surface. In Section IV, two examples are provided to illustrate the effectiveness of the proposed method. Finally, in Section V, the paper is concluded.
Notations: ω(t) means a one-dimensional standard Wiener process. (·): If x(t) is an Itô process with the stochastic differential dx(t) = f (t)dt + g(t)dω(t), we denote x(t) = f (t). P > 0 means that the matrix P is positive definite and symmetric. · denotes the Euclidean norm of a vector or its induced matrix norm. Sym(A) denotes A + A T . rank(·) represents the rank of a matrix. E(·) is the expectation operator.
II. PRELIMINARIES
Nonlinear systems can be demonstrated to be a set of linear systems. Consider a class of fuzzy stochastic singular systems, which can be expressed by the following T-S fuzzy model:
where x(t) ∈ R n is the state, u(t) ∈ R l is the control input. We assume that rank(E i ) ≤ n. The matrices A i ∈ R n×n , F i ∈ R n×n , and B i ∈ R n×l are known real constant matrices.
is an unknown nonlinear function satisfying f i ≤ γ , where γ is a known positive scalar. The input matrix B i is of full column rank. µ im is the fuzzy set associated with the ith model rule and the mth premise variable component, and the number of IF-THEN rules is r. θ = [θ 1 , · · · , θ m ] is the premise variables. E is a singular matrix. The defuzzification process of the considered system could be represented as follows:
convenience we denote h i representing h i (θ ) in the following part.
Assumption 1: All the ranks of matrices E i are identical, rank(E i ) = κ. And every row vector e ij can be linearly represented by κ row vectors, χ 1 , · · · , χ κ . Where e ij is the jth row vector of matrix E i , and χ 1 , · · · , χ κ is linear independent set.
Lemma 1: Under the condition of Assumption 1, there must exist nonsingular matrices P i and a common matrix E satisfied
From Assumption 1, e ij can be linearly represented by VOLUME 6, 2018 where y ij ∈ R κ×1 . It can be concluded
Since rank(E i ) = κ, the rank of [y i1 · · · y in ] κ×n is κ. So there must be nonsingular matrices
The proof is completed. According to Assumption 1, equation (1) can be rewritten as
So, equation (2) can be written as
Assumption 2: Throughout this paper, we assume rank(E i ) = rank(E i F i ).
Since
Before proceeding further, we provide the following definitions which play important roles in our paper and lemmas which will be needed in the proof. First, consider the following fuzzy stochastic singular system described by
Definition 1 [2] , [29] :
3. System (4) is said to be asymptotically mean square stable if for any initial condition x 0 ∈ R n , we have lim t→∞ E( x(t) 2 ) = 0.
4. System (4) is said to be admissible if it is regular, impulse-free and asymptotically mean square stable.
Lemma 2 [33] : Let P ∈ R n×n be symmetric such that E T R PE R > 0, and Q ∈ R (n−r)×(n−r) is nonsingular. Then, PE T + S QR is nonsingular and its inverse is expressed as:
where P ∈ R n×n is a symmetric matrix and Q ∈ R (n−r)×(n−r) is a nonsingular matrix with
R ∈ R (n−r)×n is a matrix with full row rank and satisfies RE = 0; S ∈ R n×(n−r) is a matrix with full column rank and satisfies ES = 0. E is decomposed as E = E L E T R . And E L ∈ R n×r , E R ∈ R n×r are of full column rank.
Lemma 3 [34] : If there are a pair of nonsingular matrices M ∈ R n×n and N ∈ R n×n for the triplet (E, A, F) such that the following conditions are satisfied,
where
Lemma 4 [35] : The pair (E, A) is admissible if and only if there exists a matrix P such that
III. THE DESIGN OF SMC
About fuzzy sliding mode control, there is an assumption that the input matrices should be uniform in most literature. It is a disadvantage for those fuzzy systems with input matrices different. Recently, some paper fulfilled the stability when the input matrices are different. But, the robustness resisting external disturbance is ignored. If the considered systems are with different local input matrices and the external disturbances, the problem of stabilization still needs to be settled. It is the aim of this paper. At the same time, the stochastic singular system is considered. First, in order to deal with the systems with input matrices different, a new sliding mode surface is proposed. By use of this surface, some sufficient conditions based on LMIs are provided for the considered fuzzy stochastic singular system. Second, not all the fuzzy system of input matrices different can be stabilized. So, a lemma is provided to judge what kind of systems can be stabilized. Last, a novel control law is constructed by means of homogeneous linear equations.
A. SLIDING MODE SURFACE DESIGN
System (3) can be represented as
and
Definition 2: If the maximally linear independent set of When the column number k of B n×k is bigger than l, the system can not be controlled. The detail could refer to the following part. Because all the input matrix B i is of full column rank, we select B n×k = B v to be the basic matrix of matrices
represented by use of the ones of B v .
. . .
From the above equations, it can be obtained
Denote (6), as shown at the top of the next page.
Then, the system (5) becomes
From (6), Every row of can be rewritten as
According to equations (8)- (9), we denotẽ
h j a j1,1 f j1
h j a jl,1 f jl (10) . . .
h j a j1,l f j1
h j a jl,l f jl (11) From equations (10)- (11), we have
h j a j2,1 u 2
h j a jl,1 u l +f 1 (12) . . .
h j a jl,p u l +f p (13) . . .
h j a j2,l u 2
So, could be rewritten as (15) , as shown at the top of this page.
Thus, system (7) could be represented as
Denote G vp ∈ R 1×n is a row vector which satisfies
That is to say G vp B vk = 0, p = k, and G vp B vp = 0. Design the integral sliding mode surface function as:
with
K p is a feedback gain and could be obtained in the following part, p ∈ {1, · · · , l}. Definition 3: The sliding mode surface (17) is said to be vector integral sliding mode surface (VISMS). It consist of l sub-surfaces. And every sub-surface is constructed according to the corresponding column vector of the basis matrix B v .
Remark 1: The proposed VISMS consist of l sub-sliding mode surface. According to every column vector B vp of the basis matrix B v , sub-surface s p (t) is constructed. Compared with traditional sliding mode surface, the VISMS can deal with the fuzzy singular system with the input matrices being not common. Compared with dynamic integral sliding mode control (DISMC) [15] , the VISMS can make the considered system have strong robustness.
Referring to equation (16), one can have the solution of Ex(t) as follows: (20) It follows from equations (17), (18) and (20) that (23) According to the sliding mode theory, the considered system is on the sliding mode surface when s p = 0, p ∈ {1, · · · , l}. That means the following conditions should be satisfied
From (23) and (24), it can be concluded that for p ∈ {1, · · · , l}, 
is called equivalent control law.
Substituting (26) into (16) , it can be concluded (27) , as shown at the top of the next page. Then, (27) is equivalent to (28) , as shown at the top of the next page.
Therefore, (28) is equivalent to
where (29) is called the sliding mode dynamics equation.
Next, the stability will be discussed for equation (29) .
B. PERFORMANCE OF THE SLIDING MODE DYNAMICS
The following result gives a sufficient condition to guarantee the asymptotically mean square admissible of the sliding mode dynamics (29) . Theorem 1: Considering the VISMS (17), the sliding mode dynamics (29) of the fuzzy stochastic singular system (3) is admissible, if there exist a symmetrical positive-definite matrix P, a nonsingular matrix Q and matricesh, ℵ, satisfying
where = PE T + S QR, i = B ih E T + B i ℵR, R and S are defined as in Lemma 2. And K could be obtained by
First, it will be proved that the sliding mode dynamics equation (29) is regular, impulse free and has a unique solution. By Schur complement, it can be derived from (30) that
it can be concluded i = B i K . According to Lemma 2, we have
Because Rank(E) = Rank(E F i ), we have F i = E L F iR . Pre-multiplying and post-multiplying (32) by −T and −1 , we have
Let P = PE + R T Q T S T . We could have that (34) turns to
So, for all i ∈ {1, · · · , r}, (E, A i + B i K ) is regular and impulse free.
Because P is common, from the above inequalities, we have
) is regular and impulse free.
In the following part, we are going to show the sliding mode dynamics (29) has a unique solution. Let A i +B i K = C i . There exist nonsingular matrices M , N , such that MEN = I r 0 0 0
Because rank(E) = rank(E F i ), we could have
Then, it can be derived
. It can be shown that (38)-(40) satisfies the conditions of Lemma 3. Therefore, there is an unique solution to the sliding mode dynamics equation (29) .
Next, we try to show that the sliding mode dynamics equation (29) is asymptotically mean square stable. VOLUME 6, 2018 Choose the following Lyapunov function:
Then V = x T N −T I r 0 0 0
. Therefore,
From the sliding mode dynamics equation (29), we have
So, it can be represented by the r sub-systems as
i22 C i21 I Therefore, every sub-system equals to
Because
Equation (43) could be rewritten as below:
So, every sub-system could be rewritten as
and the sliding mode dynamics equation (29) can be rewritten as
Using equations (42), (47), and referring to [36] , the infinitesimal operator V is obtained
If the considered system is asymptotically mean square stable, then V < 0. By Schur complement, it can be derived that, Sym(P 11 , as shown at the top of the next page.
Thus, the following inequation is obtained, By Schur complement, we have
It is shown by the above inequation that the considered system is asymptotically mean square stable if every
The infinitesimal operator V i has the following formation: (33), (41) and (44)- (46), we could have that
where * represents a matrix not used in the following discussion, and
, · · · , r}. Therefore, V < 0. According to [34] , lim t→∞ E( ξ r (t) 2 ) = 0. Then, we have lim t→∞ E( x(t) 2 ) = 0. The sliding mode dynamics equation (29) is admissible. The proof is completed.
C. SLIDING MODE CONTROLLER DESIGN
In this subsection, first, a lemma is provided to ensure the exist of the equivalent control law of a fuzzy stochastic singular system by use of VISMS. Second, the SMC is constructed to ensure the states of the considered system reach and keep on the VISMS. And we could see that the sub-sliding mode surface is not a straight line s p = 0 but a curve.
According to the SMC theory, the equivalent control law (26) satisfies homogeneous linear equations (24) . So, the following homogeneous linear equations can be obtained by substituting (26) into (22) 
h j a j2,pũ2
For G vp B vp = 0, the above homogeneous linear equations are equivalent to r j =v,j=1
Thus, the following result coule be obtained from the solution property of homogeneous linear equations:
Lemma 3: Considering the VISMS (17), the equivalent control law of fuzzy stochastic singular system (3) exists when rank( ) = l for all t > 0, and it satisfies homogeneous linear equations (24) . (51), as shown at the top of the next page.
Remark 3: VISMS is consisted of l sub-surfaces. The considered system is on VISMS only when the states satisfy all of these sub-surfaces conditions synchronously s p (t) = 0, p ∈ {1, · · · , l}. Therefore, not all considered systems with different local input matrices can reach VISMS. Lemma 3 is a criterion which can judge whether the considered system may reach VISMS or not. If the considered system satisfies Lemma 3, the equivalent control law exists.
Remark 4: When the element number of the maximally linear independent set is bigger than l, there is not a solution to equations (50). Since the column number of (51) is l, the rank of (51) could not be bigger than l. Because f P is unknown, the rank of augmented matrix (52), as shown at the top of the next page, is bigger than the rank of (51). According to the solution property of homogeneous linear equations, there is not a solution to linear equations (50). The considered system could not reach VISMS.
Theorem 2: Consider the fuzzy stochastic singular system (3). Suppose that the sliding mode surface is designed by (17) . If the LMIs as in (30) are feasible and there exists equivalent control law satisfying (24) , the trajectories of the considered system can be attracted to VISMS (17) by the following SMC law:
where u j = K j x(t) +ū j K j is the jth row of K which could be obtained through Theorem 1, j ∈ {1, · · · , l}. Andū 1 , · · · ,ū l are the solutions VOLUME 6, 2018 
h j a jl,2f2
of the following homogeneous linear equations.
where δ 1 , · · · , δ l are positive scalars. Proof: Consider the Lyapunov function (22), the infinitesimal operator V p is obtained as below:
Substituting the control law (53) into equation (55), we have
h j a j2,pū2
is the solution of the homogeneous linear equations (54), it can be derived
where p ∈ {1, · · · , l}. According to equation (57), there must be two solutions of s p if V p equals to zero. One is positive, and the other is negative which can be omitted. The relationship between V p and s p (t) could be depicted clearly in Fig. 1 . When s p (t) = h, we have that V p = 0. And since V p = 1 2 s p (t) T s p (t) , it can be obtained that s p (t) = 0. In other words, the states of the considered system are on the subsliding mode surface s p (t). When all the equations s p (t) = 0 are satisfied, p ∈ {1, · · · , l}, the considered system is on the VISMS. On the other hand, when s p (t) > h, it is seen that V p < 0. Therefore, s p (t) decreases. When s p (t) < h, it is obtained that V p > 0. Therefore, s p (t) increases. Hence, it can be concluded that s p (t) closes to h because of equation (57). So it can be derived that by use of controller (53), the trajectories of the considered system can be attracted to VISMS s(t) = [s 1 (t), · · · , s l (t)] T . The proof is completed.
Remark 5: 1) The proposed method in this paper is different from the traditional SMC. The sub-sliding mode surface function of the traditional method equals to zero. The one of this paper is s p (t) = h, where h could make (57) equal to zero. The purpose of the two methods is that make the derivative or the infinitesimal operator of every sub-sliding mode surface equal to zero. Hence, the robustness could be realized. The traditional method can't be used in this study because the stochastic system is considered. 2) From  Fig. 1 , the sub-sliding mode surface of this paper is consisted of the point h. The value of h changes according to the time. So, the sub-sliding mode surface is not a straight line s p = 0 but a curve. With the considered system asymptotically stabilized, the equation (57) approaching to zero. The two phenomenons illustrate that not the s p (t) equaling to zero deduces the stability of the considered system but the stability of the considered system could make all the s p (t) approach to zero. And δ can't be too large. It could amplify the chatter or even destroy the stabilization.
The choice of δ is important due to the experience of the manipulator.
IV. SIMULATIONS
In this section, two examples are provided to illustrate the effectiveness of the method proposed in this paper. With the external disturbance and the different input matrices, the admissibility could be performed to the considered system.
Example 1: In this numerical simulation, the local input matrices considered are two columns in order to illustrate the validity of proposed method clearly. And the matrices E i are different. Consider the fuzzy singular system (2) with the following system data. In this simulation, the following external disturbances are considered: 
By use of Theorem 2, the following controller could be obtained:
And according to equations (54) in Theorem 2,ū 1 ,ū 2 could be obtained from the following homogeneous linear equations. In Fig. 2 , the result depicts that the considered system is not stable without the control input. In Fig. 3 and Fig. 4 , the considered fuzzy stochastic singular system can be successfully stabilized with external disturbances. Fig. 5 and Fig. 6 are control laws. From Fig. 7 and Fig. 8 , it can be seen that the sub-VISMS s p doesn't equal to zero but a curve. If δ is big enough, sub-VISMS s p turns to be a line approximately. It can be seen from Example 2: Consider the example of balancing an inverted pendulum on a cart [37] . The equation of motion for the inverted pendulum are reformed as (60), as shown at the top of the next page. where x 1 (t) denotes the angel (in radians) of the pendulum from the vertical and x 2 (t) is the angular velocity. g = 9.8 m/s 2 is the gravity constant, m is the mass of the pendulum, M is the mass of the cart, 2l is the length of the pendulum, u is the force applied to the cart, f is the external disturbance satisfying f < γ and a = 1/(m + M ). ω(t) is a standard wiener process denoting the influence by the circumstance. We choose m = 2.0 kg, M = 8.0 kg, 2l = 1 m, and the bound of the external disturbance f is γ = 0.5. In this example, the matrices E i are identical. So the following T-S fuzzy model is used: ( From Fig. 10 , the inverted pendulum can be stabilized by use of VISMS even if there exist external disturbances. From Fig. 11 , the trajectory of the control law u(t) is depicted. In Fig. 12 , we could see the presented VISMS is a curve not a line. When δ = 5.3, VISMS turns to be a line approximately and it can be seen from Fig. 13 . From the simulations, the effectiveness of the proposed method has been demonstrated clearly.
Remark 6: A novel vector integral sliding mode surface is proposed in this paper. Compared with traditional sliding mode surface, there are some distinction. 1) VISMS consist of several sub-surfaces. Only when the state reach all the sub-surfaces simultaneously, the considered system is on the VISMS. This is a distinction compared with traditional
dx 1 (t) = x 2 (t)dt + (−0.5x 1 (t) + 0.3x 2 (t))dω(t) dx 2 (t) = gx 3 (t) − amlsin(2x 1 )x 2 2 (t)/2 − acos(x 1 (t))(u(t) + f (t)) 4l/3 − amlcos 2 (x 1 (t)) dt +(0.3x 1 (t) − 0.1x 2 (t))dω(t) 0 = −sin(x 1 (t)) + x 3 (60) 29404 VOLUME 6, 2018 FIGURE 12. Vecter integral sliding surface. surface. Hence VISMS can make some fuzzy systems with different local input matrices stabilization. 2) Traditional sliding mode surface is a straight line, s(t) = 0. But VISMS are several curves which can be seen from Fig.7, Fig.8 , and Fig.12 in this paper because the considered system is not only a fuzzy singular system but also a stochastic system. The connection between VISMS and traditional sliding mode surface is that VISMS is a supplement to traditional integral sliding mode surface. Alike traditional slidng mode surface,the process of stability is reaching VISMS and keeping on it thereafter. Then the considered system is stabilized. And VISMS still have strong robustness.
V. CONCLUSION
With respect to fuzzy stochastic singular systems, a novel sliding mode control (SMC) has been presented for the considered systems with different local input matrices and the external disturbances. First, a new vector integral sliding mode surface has been proposed in order to deal with the different input matrices. By use of this surface, a stability criterion which can make sliding mode dynamics admissible has been provided for a class of fuzzy stochastic singular systems. Second, a lemma has been proposed to judge what kind of systems can be stabilized. Third, a new control law has been designed for the considered systems by means of homogeneous linear equations. It could be concluded that the sub-sliding mode surface is not a straight line s p = 0 but a curve. Finally, two examples have been provided to illustrate the validity.
